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Periodic Optimal Cruise for a Hypersonic Vehicle
with Constraints

C.-H. Chuang¤ and Hitoshi Morimoto†

Georgia Institute of Technology, Atlanta, Georgia 30332-0150

A new approach is presented to solve periodic optimal control problems. As an applicationof the approach, fuel-
optimal periodic control problems for a hypersonic vehicle are solved. The model of the vehicle was constructed by
using numerical data and � gures from available space plane literature. In particular, heating-rate and load-factor
constraints are considered to make this model more realistic than other previous models. These constraints increase
the dif� culty in obtaining a numerical solution and also increase the sensitivity to the initial guess for convergence.
By assuming the shape of an altitude pro� le as a sinusoidal function of range and by using a bang-bang thrust
control, a suboptimal solution is obtained for the vehicle without any constraints. This suboptimal solution serves
as a very good initial guess for the optimal solution generated by the minimizing-boundary-conditionmethod. The
optimal solution shows a fuel saving of 8.12% over the steady-state cruise, with a maximum heating rate of 1202.4
W/cm2 , and with a maximumload factor of 8.27. Constraints for a heating rate and a load factor are then added to
the problem. With a maximumheating rate of 400 W/cm2 , the fuel saving reduces to 2.45%.With a load factor of 7,
the fuel saving does not change much from the nonconstrained solution. An optimal periodic-cruise solution with
maximum heating rate of 1158.0 W/cm2 and simultaneously with maximum load factor of 7 is also determined
with a fuel saving of 8.09%.

Nomenclature
Ae = inlet area, m2

Aw = wing area, m2

a = speed of sound at sea level or at the standard
temperature, m/s

b j = lapse rate between j th and ( j C 1)th junction points,
where j is 0, 2, 4, and 6

C = load factor constraint function
CD = drag coef� cient
CD0 = zero-lift drag coef� cient
CL = lift coef� cient
CL0 = zero angle-of-attacklift coef� cient
CL® = lift-curve slope
CT max = maximum thrust coef� cient
D = drag, N
f = system dynamics vector
g = gravity acceleration at sea level, m/s2

h = altitude, km
ha = amplitude corresponding to frequency ! of a speci� ed

sinusoidal altitude curve
hb = amplitude correspondingto frequency 2! of a speci� ed

sinusoidal altitude curve
hc = offset of a speci� ed sinusoidal altitude curve
Isp = speci� c impulse, s
J = cost function
K = induced drag parameter
L = lift, N
M = Mach number (de� ned as a normalized velocity by a

constant speed of sound at sea level)
m = mass of the vehicle, kg
n = load factor
nmax = speci� ed maximum load factor
PQ = heating rate, W/cm2

PQmax = speci� ed maximum heating rate, W/cm2

q = dynamic pressure, N/m2

R = speci� c gas constant for air, J/kgK
R0 = radius of the Earth, km
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r = range, km
rd = coordinateof range where a speci� ed throttle falls

from 1 to 0
ru = coordinateof range where a speci� ed throttle rises

from 0 to 1
r1 = coordinateof range of an entry point to a boundary
S = heating-rate constraint function
s = throttle
T = thrust, N
Ti = temperature at i th junction point, where i is 0, 1, 2, 3,

4, 5, and 6, K
u = control vector
V = velocity, m/s
x = state vector
® = angle of attack, deg
° = � ight-path angle, deg
¸ = Lagrange multiplier vector
¹ = Lagrange multiplier function associated with a

load-factor constraint
º = Lagrange multiplier constant associated with periodic

boundary condition on the state
» = Lagrange multiplier function associated with a

heating-rate constraint
¼ = Lagrange multiplier constant associated with heating

rate constraint at an entry point
½ = density of air, kg/m3

! = frequency with respect to range of a speci� ed
sinusoidal altitude curve

Introduction

E VER since improved fuel ef� ciency for some oscillatory
cruise paths over that for steady-state cruise paths was � rst

recognized,1 research on periodic optimal processes has been an
active subject, especially for fuel saving for aircraft and hyper-
sonic vehicles.2¡13 Fuel-optimal periodic trajectories without con-
straints were numerically determined for aircraft and hypersonic
vehicles.7¡13 An optimal periodic control problem for a hyper-
sonic vehicle with a maximum load-factor constraint was recently
solved.13 Those studies, however, did not consider the aerodynamic
heating that vehicles would experience along the optimal trajecto-
ries. Thus, to protect the crew and materials of the vehicle from the
heat, it is necessary to impose a restrictionon the heating rate. This
restrictionmeans that the periodic optimal control problem must be
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solvedwith a state inequalityconstraintassociatedwith the heating-
rate constraint, and the problem becomes more dif� cult to solve.

This paper has two parts. One is about a new approach to attack
periodic optimal control problems with constraints. The other is
about an applicationof the approachto fuel-optimalperiodiccontrol
problems for a realistic hypersonic vehicle model.

In the followingsections,thevehicle’s dynamicsare statedand the
atmospheric density model, the aerodynamic force models, and the
engine thrust model are described. A more realistic aircraft model
and a more precise atmosphericmodel than previouslyused models
are adopted here. An approximation to the optimal control solution
was obtainedby parameterizingthe control time historiesand using
nonlinearprogramming techniquesto obtain the optimum values of
the parameters. This solution, which we call a suboptimal solution,
in turn was used as an initial guess in solving the optimal control
problem.The unconstrainedoptimalperiodicsolutionshows that the
vehicle has a peak aerodynamic heating rate of over 1200 W/cm2

and a peak load factor of over 8 g along the optimal trajectory. We
next present an optimal periodic control solution constrained by a
maximum load factor of 7.0 g and another solution constrained by
a maximum heating rate of 400 W/cm2. The load factor constraint
constitutes a state-control inequality constraint, and the maximum
heating rate constitutes a state inequality constraint. Finally, an op-
timal periodic control solution is presented with both a maximum
load factor and a maximum heating-rate constraint.

Vehicle’s Dynamic Model
The equations of motion for � ight in a vertical plane over the

nonrotating spherical Earth with range as the independent variable
are10

dh

dr
D .tan ° / 1 C

h

R0

(1)

dM

dr
D .T cos ® ¡ D ¡ mg sin ° /

Ma2m cos °
1 C

h

R0

(2)

d°

dr
D

L C T sin ® ¡ mg cos °

M 2a2m cos °
C 1

R0 C h
1 C

h

R0

(3)

dm

dr
D ¡

T

gIsp Ma cos °
1 C

h

R0

(4)

Although the derivativeof m with respect to r is given in Eq. (4), the
mass in Eqs. (1–3) is assumed to be constant.Thus, the components
of the state are h, M, and ° only.

Atmospheric Density Model
Instead of using a simple exponential density model, we adopt

an atmospheric density model in which temperature changes are
taken into account. The density model is based on the temperature
distribution with respect to altitude.14

Take � xed points (h0, T0 )D (0, 288.16), (h1 , T1 )D (11, 216.66),
(h2, T2 ) D (25, 216.66), (h3, T3) D (47, 282.66), (h4, T4) D (53,
282.66), (h5, T5) D (79, 165.66), (h6 , T6 )D (90, 165.66), and (h7,
T7 ) D (105, 225.66) in h–T plane. Assume piecewise linear inter-
polation of temperature as a function of altitude. In the isothermal
region the density becomes an exponential function of the form

½ D ½i exp[¡.g=RTi /.h ¡ hi /] (5)

In the gradient layer region the density is given by

½ D ½ j
T j C b j .h ¡ h j /

T j

¡[.g=b j R/ C 1]

(6)

We assume that the gradient layer region from h D 90 to 105 km
is extrapolated up to h D 120 km. To avoid numerical error of
calculatingderivativesof the densitymodels with respect to altitude
at the junctionpointsof themodels,each junctionpoint in thedensity
curve is smoothed by third-order polynomials.

Fig. 1 CD0
(M).

Aerodynamic Force Models
The dragand lift models are assumedto have the followingforms:

D D q ¢ CD ¢ Aw (7)

L D q ¢ CL ¢ Aw (8)

CD D CD0 .M/ C K.M/ ¢ C2
L (9)

CL D CL0 .M/ C CL® .M/ ¢ ® (10)

Functions CD0 .M /, K.M /, CL0 .M/, and CL® .M / are determined
by modifying experimental and simulation data.15¡17 Because Ref.
15 deals with experimental aerodynamic characteristics of HL-20,
whose nose cone is more blunt than that of a typical space plane,
we have modi� ed CD0 and CL0 in Ref. 15 as follows:

CD0 ! 1
10

CD0 CL0 ! CL0 C 0:04

CD0 .M/ is shown in Fig. 1. K.M/, CL0 .M/, and CL® .M/ are ex-
plicitly written in the following forms:

K.M/ D 1:85 ¢ [1 ¡ exp.¡0:2356M/]

CL0 .M / D .1=20¼/ tan¡1[10.M ¡ 1/] ¡ 0:035

CL®
.M/ D 0:057 ¢ exp.¡0:654M/ C 0:014

Engine Model
A combination of turboramjet engines and scramjet engines is

assumed for the propulsion system of the vehicle. From M D 0
to 4 the turboramjet is turned on, and for M > 4 the scramjet
engine propels the vehicle. The maximum thrust coef� cient CT max

and speci� c impulse Isp aremodeledas functionsof altitudeh, Mach
number M , and angleof attack®: In determining Isp and CT max, data
from Refs. 18–20 are averaged. The coef� cients in Eqs. (11) and
(13) are obtained by curve � tting to those data:

CTmax .M; ®/ D

0:4736M 1:5 C 1:6947M¡2 .M < 4/

15.® C 5/0:25

M 1:15
exp ¡

M0:08

200
.® C 5/ ¡ 35

M 0:6

2

.M ¸ 4/

(11)

T D sqCTmax Ae .0 · s · 1/ (12)

Isp.h; M/ D
4500 ¡ 10.h ¡ 20/ .M < 4/

¡245M C 5480 ¡ 10.h ¡ 20/ .M ¸ 4/
(13)

Optimal Steady-State Cruise Solution
By setting Eqs. (1–3) equal to zero, the steady-state solutions are

calculated.The solutions determine the angle of attack and throttle
as functions of h and M ,

® D ®.h; M / and s D s.h; M /
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The range averaged fuel consumption rate is given by

J D
1
r f

r f

0

T

gIsp Ma cos°
1 C

h

R0
dr (14)

On steady-state cruise paths the range averaged fuel consumption
rate J becomes an instantaneous fuel-consumptionrate

J D 1
r f

r f

0

QT .h; M/

gIsp.h; M /

1
Ma

1 C
h

R0
dr

D
QT .h; M /

gIsp.h; M /Ma
1 C

h

R0

(15)

where

QT .h; M/ D T [h; M; ®.h; M /; s.h; M/]

Thus, the optimal steady-state cruise path is determined by � nding
an .h; M/ that minimizes Eq. (15). Note that the minimizationmust
be done within an admissible .h; M/ that satis� es an inequality
constraint on s

0 · s.h; M/ · 1 (16)

For the numerical constants R0 D 6378 km, m D 89;930 kg, g D
9:80665 m/s2 , a D 340:294 m/s, R D 287 J/kgK, Aw D 250 m2,
and Ae D 9:02 m2 , the optimal steady-state cruise turned out to be
as follows: h D 42376 m, M D 14:37, ® D 5:34 deg, s D 0:3668,
and minimum fuel rate D 0.001555 kg/m.

Suboptimal Periodic-Cruise Solution
In this section we obtain an approximationto the optimal periodic

control solution by parameterizing the control time histories and
using nonlinear programming to determine the optimum values of
the parameters. This solution will be used as an initial guess for the
optimal control problem in the next section. Because the optimal
control problems that will be solved in the next section are very
sensitive to initial guesses, it is very desirable to have a good initial
guess from the beginning.

Previous results show that the optimal periodic trajectory usually
has a sinusoidal-like shape.7;8;10 If a trajectory is given as a sinu-
soidal curve and a bang-bang type throttle control is assumed, then
the range averaged fuel consumption can be calculated in terms of
the parameters that specify the trajectory and throttle control. The
problem herein is to � nd a set of parameters that minimizes the
range averaged fuel consumption rate Eq. (14) with the boundary
condition of periodicity being met.

The altitude h is assumed to take the following expression as a
function of range:

h D ha cos !r C hb cos 2!r C hc (17)

and ! is determined by the length of a period r f as ! D 2¼=r f .
From Eqs. (1) and (17),

° D ¡ tan¡1 !.ha sin !r C 2hb sin 2!r/

1 C h=R0

(18)

A bang-bang type throttle control is speci� ed by choosing two
switching points whose coordinates are ru and rd . From r D 0 to
ru the throttle is equal to 0, from r D ru to rd it is equal to 1, and
from r D rd to r f , or the end of the period, it is equal to 0 again.
The parameters to be optimized are ha , hb , hc, r f , ru , rd , and M0,
which is the initial Mach number. From Eqs. (1), (3), (17), and (18)
we obtain an equation for the angle of attack. An analytical form
for the angle of attack is not available from this algebraic equation,
and hence, the angle of attack is determinedby solving the equation
numerically.Starting froman M0 and substitutingthe angleof attack
and the speci� ed throttle’s time history into Eq. (2), a � nal Mach
number M f is calculated by integrating Eq. (2) numerically from
r D 0 to r f . The periodicityboundarycondition requires that M f is

Fig. 2 Altitude and Mach number M, suboptimal.

equal to M0. Note that the other two periodicityconditions,h0 D h f

and °0 D ° f , are automatically satis� ed by Eqs. (17) and (18).
NCONF, a nonlinearprogrammingsubroutineof IMSL, was used

to � nda set of parametersha , hb , hc , r f , ru , rd , and M0 thatminimizes
Eq. (14) subject to M0 D M f . The pro� les of the altitude and Mach
number M are shown in Fig. 2.

The range averaged fuel consumption rate for the suboptimal
solutionis 0.001501kg/m, which is about3.5% less than the steady-
state solution.The optimized parameters are listed as follows: ha D
9551 m, hb D ¡810 m, hc D 45;942 m, r f D 1;194;041 m,
ru D 603;606 m, rd D 835;062 m, and M0 D 14:694.

Optimal Periodic-Cruise Solution Without Constraint
In this section we obtain the unconstrained optimal periodic-

cruise solution using a suboptimal solution that was obtained in
the preceding section. The suboptimal solution is used as an initial
guess for the optimal control problem.

In Eq. (14) the range averaged fuel consumption rate was given
by

J D 1
r f

r f

0

T

gIsp Ma cos°
1 C

h

R0
dr (14)

The Hamiltonian for the cost function J and the system subject to
Eqs. (1–3) is written as

H D
T

gIsp Ma cos °
1 C

h

R0

C ¸T ¢ f

where ¸ consists of ¸h , ¸M , and ¸° and the components of f are
Eqs. (1–3).

The � rst-order necessary conditions for the optimal solution are
obtained as follows7:

dxT

dr
D H¸ (19)

d¸T

dr
D ¡Hx (20)

u D arg min
u

H (21)

x.r f / D x.r0/; ¸.r f / D ¸.r0/ (22)

H .r f / D J o (23)

Jo in Eq. (23) is calculated by Eq. (14) along the optimal solution.
When this type of problem is solved as a two-point boundary-

value problem by using a shooting method, the convergence of the
solution is very sensitive to the choice of initial guesses of both
states and costates. Thus, it is very important to select a proper
initial guess. We use the suboptimal solution as an initial guess for
the states. However, an initial guess for the costates is not provided
by the suboptimal solution. Initial values of ¸ can be estimated as
follows. At the initial point of r the Hamiltonian H is written as

H .r0/ D L.r0/ C ¸T .r0/ f .r0/ (24)
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where L is the Lagrangian that is equal to the integrand of Eq. (14).
From Eq. (24) the following holds:

@H

@ f r D r0

D ¸T .r0/ (25)

The cost function J o is equal to H .r f / when a solution is optimal,
and H is constant for an autonomous system. Hence,

@ J o

@ f r D r0

D ¸T .r0/ (26)

Now assume that the suboptimal solution is approximately close to
the optimal solution.

The procedure for determining the optimal solution is described
as follows (steps 2 and 3 are based on Ref. 10).

1) Obtain an initial guess for the states and the costates by the
suboptimal solution and Eq. (26).

2) Starting with the initial guess, � nal states and costates are cal-
culatedby integratingEqs. (1–3) and (20) numerically.Without loss
of generalitywe can choose°0 D 0. The integrationis stoppedwhen
° becomes zero again. De� ne a cost function P D .M f ¡ M0/

2 . By
observingthe initial guess and the resulting � nal states and costates,
a nonlinear programming subroutine, NCONF, for example, gen-
erates a new initial guess to decrease P subject to the boundary
conditions excepting M f ¡ M0 D 0. From this new initial guess,
� nal states and costates are calculated again. The nonlinear pro-
gramming subroutine repeats this process until P is close to zero
while the other boundary conditions are satis� ed.

3) If a solution is obtained from step 2, take the point as a new
initial guess and add another boundary condition Eq. (23). Start the
minimization of P with the new initial guess.

4) If a convergence is obtained in step 3, the optimal solution
is determined. If step 3 does not converge, apply one of the initial
guesses that were generated by the optimization program in step 3.
Use this initial guess and repeat step 2.

In Fig. 3, initial altitude and initial Mach number M of each pe-
riodic solution are plotted. Point A is the starting point (step 1).
According to the procedure just stated, point B is reached (step 2),
which belongsto a family of periodic extremalpaths satisfyingEqs.
(19–22). The curve drawn in Fig. 3 shows a family of the peri-
odic extremal paths. Use point B as an initial guess and include the
transversalitycondition Eq. (23) to reach the optimal solution (step
3). If point B is close to the optimal solution(point G), then the opti-
mal solution will converge.However, if point B is not close enough
to G, the optimization algorithm may stray in the wrong direction
and the searching process could terminate. If the search terminates,
use one of the points that were generated by the optimization pro-
gram before it stopped as a next initial guess (points C and E are as
such points in Fig. 3). Restart the optimization algorithm without
imposing the transversalitycondition(step 4). The algorithmshould
� nd another solution that is in the solution family. Points D and F
show those solutions.By repeating this process the optimal solution
is obtained.Note here, however, that in general there is no guarantee
that a continuous� ow of solutionsalways exists.Solutionsobtained
by the continuationmethod may not be optimal.

The pro� les of the altitude and Mach number are plotted in Fig. 4.
The fuel saving of the solution over the optimal steady-state solu-
tion was 8.12%. The numerical solution showed that the boundary
conditions are satis� ed up to at least 11 signi� cant digits.

Fig. 3 Path to the optimal solution without constraint.

Fig. 4 Altitude and Mach number M, optimal without constraint.

We de� ne a load factor for the vehicle as follows:

n D
.T cos ® ¡ D/2 C .L C T sin ®/2

mg
(27)

The load factor de� ned in Eq. (27) indicates net acceleration/
deceleration that the crew experiencesin gravitationalacceleration;
for example, during level � ight it becomes 1. High local heating
rates and total heating loads are also major concerns in developing
a hypersonic transport. Assuming that the optimal trajectory is in
the � ight regime where boundary-layer theory is valid, the heating
rate is estimated at a stagnationpoint by the followingexpression,21

which corresponds to a nose cone with a radius of 10 cm:

PQ D 5:188 £ 10¡8 ¢ ½0:5V 3 (28)

The maximum calculated load factor and maximum heating rate
using Eqs. (27) and (28) are 8.27 g and 1202.4 W/cm2 , respectively.
Fromtheseestimatedresults,alongtheoptimaltrajectorytheheating
rate on the nose cone is far beyond the acceptable value unless
radiativecoolingis available.Thus, a practicaloptimalsolutionmust
include a heating-rate constraint. Before including this constraint,
attempt to obtain an optimal solution bounded by a maximum load
factor to gain some insights.

Periodic Optimal Control Problem
with a Load-Factor Constraint

From Eq. (27) for the load factor, a state-control inequality con-
straint function C.x; u; r/ is de� ned as

C.h; M; s; ®/ D
.T cos® ¡ D/2 C .L C T sin ®/2

mg
¡ nmax

(29)
Now the problem is stated as follows.

Find a control and a range period r f that minimizes the range
averaged fuel consumption rate J over the period subject to the
vehicle’s dynamics, periodicity conditions on the state, and a state-
control inequality constraintC · 0. Because convergenceis highly
sensitive to initial guesses, the exponential atmospheric model is
used for this problem:

J D 1
r f

r f

0

T

gIsp Ma cos°
1 C

h

R0
dr (30)

h.0/ D h.r f / M .0/ D M.r f / ° .0/ D ° .r f / (31)

C.h; M; s; ®/ · 0 (32)

The augmented Hamiltonian for this system is de� ned as

NH D
T

gIsp Ma cos °
1 C

h

R0
C ¸T ¢ f C ¹T C (33)

where the components of f are Eqs. (1–3). Because C is a scalar
function, so is ¹. The � rst-order necessary conditions are obtained
simply by replacing H in Eqs. (19–21) and (23) with NH de� ned in
Eq. (33). On the boundary, ®, s, and ¹ are determined by solving
NH® D 0, NHs D 0, and C.h; M; s; ®/ D 0 simultaneously. Because

there are no analytical solutions for the system of nonlinear equa-
tions, a subroutinethat uses a modi� ed Powell hybridalgorithmand
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a � nite difference approximation to the Jacobian is used to solve it
numerically. When the standard atmospheric model is used for a
problem in which the solution includes a constrained subarc, the
sensitivity to initial guesses of the subroutine that solves for ®, s,
and ¹ leads to more dif� culty than for a problemwhose solution is a
touch-pointtype such as the problem in the next section.Because of
this, a simple exponentialatmosphericmodel is adoptedhere. If the
calculateds is not in [0, 1], thencheck1 NH D NH .s D 1/¡ NH .s D 0/.
If 1 NH ¸ 0, then choose s D 0, and if not, choose s D 1. For each
case, ® is determined by solving C.h; M; s; ®/ D 0 and ¹ is cal-
culated by substituting the values of s and ® into NH® D 0. On the
boundary,¹ is positive, and when ¹ becomes zero, exit the bound-
ary. To make use of the optimal periodic solutionwithout constraint
that was obtained in the precedingsection,we set nmax in C equal to
the maximum n for the unconstrainedoptimal solution.And gradu-
ally we decreased the value of nmax . After getting several solutions
for different values of nmax , extrapolation is used to predict a new
initial guess of each component of the state and the costate for a
new smaller nmax . By repeating this procedure we reached an opti-
mal solution with nmax D 7:0. Because the change in the maximum
load factor from the unconstrained solution was not large, the fuel
saving obtained for the solution with nmax D 7:0 was almost the
same as that for the unconstrained solution. A solution with much
smaller nmax than 7.0 has not been obtained due to the dif� culty
in convergence. Figures 5–8 show the result. Figure 7 is a magni-
� ed part of Fig. 6. Figure 8 shows a magni� ed part of the peak of
the pro� le of the load factor. If the speci� ed maximum load fac-
tor is larger than 7.27 g, there appears only one on-boundary arc.
But if the maximum load factor is set to smaller than 7.27, another
on-boundary arc appears when the engine is turned on. Thus, the
solution with nmax D 7:0 shows two separate constrained arcs. On
the � rst boundary the throttle stays equal to zero, but on the second
boundary the throttle takes middle values between zero and one,

Fig. 5 Altitude and Mach number for nmax = 7.0.

Fig. 6 Angle of attack and throttle for nmax = 7.0.

Fig. 7 Angle of attack and throttle for nmax = 7.0 (magni� ed part of
Fig. 6).

Fig. 8 Load factor for nmax = 7.0 (magni� ed part of the entire pro� le).

and in the middle point of the boundary the throttle is saturated to
one. After that point, the angle of attack ® is determined by solving
C.h; M; 1; ®/ D 0. Substitution of the calculated ®.s D 1/ and
s D 1 into NH® D 0 determines ¹. The boundary conditions of Eq.
(22) were solved to seven digits for the solution of this section.

Periodic Optimal Control Problem
with a Heating-Rate Constraint

From the expressiongiven by Eq. (28) for the heating rate, a state
inequality constraint S.x; r / is explicitly de� ned as

S.h; M/ D 5:188 £ 10¡8 ¢ ½.h/0:5.Ma/3 ¡ PQmax (34)

The fuel-optimalperiodiccontrolproblemis statedas the following.
Find a control and a range period r f that minimize the range

averaged fuel consumption rate J over the period subject to the
vehicle dynamics, periodicity conditions on the state, and a state
inequality constraint S · 0. J and the boundary conditions are the
same as Eqs. (30) and (31). Simply exchange inequality (32) with
inequality (35):

S.h; M / · 0 (35)

To consider the periodicity conditions Eq. (31) and a state in-
equality constraint (35) an augmented cost function is de� ned as

NJ D ºT [x.0/ ¡ x.r f /] C ¼ T S.x; r/jrDr1

C 1
r f

r f

0

T

gIsp Ma cos°
1 C

h

R0

C ¸T f ¡ dx

dr
C » T dS

dr
dr (36)

The state inequality constraint here is � rst order, i.e., a control ap-
pears in the equation dS=dr D 0.

The Hamiltonian for the given augmentedcost function NJ is writ-
ten as

NH D
T

gIsp Ma cos °
1 C

h

R0

C ¸T ¢ f C » T dS

dr
(37)

where the componentsof f are Eqs. (1–3). The � rst-ordernecessary
conditionsare obtainedby substituting NH for H in Eqs. (19–21) and
(23). Other necessary conditions are added for this state inequality
problem to ensure that the trajectory meets the speci� ed maximum
heating rate at the entry points to the boundary:

¸ r¡
1 D ¸ rC

1 C ¼ T @S

@x
r D r1

(38)

H r¡
1 D H r C

1 ¡ ¼T @S

@r
r D r1

(39)

Because the state constraint S is a scalar, » and ¼ are also scalars.
From Eq. (38), jumps of costates whose magnitudes are unknown
appear at entries to on-boundary sections. On the boundary ®,
s, and » are determined by solving NH® D 0, NHs D 0, and
dS=dr.h; M; s; ®/ D 0 simultaneously. Because there is no ana-
lytical solutions for the system of nonlinear equations, the same
nonlinear equation solver that was used in the preceding section
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is used. As before, if the calculated s is not in [0, 1], then check
1 NH D NH .s D 1/ ¡ NH .s D 0/. If 1 NH ¸ 0, then choose s D 0,
and if not, choose s D 1. For each case, ® is determined by solving
dS=dr.h; M; s; ®/ D 0, and » is calculated by substituting these
s and ® into NH® D 0. On the boundary, » is positive and when »
becomes zero, exit the boundary. If the speci� ed maximum heat-
ing rate is larger than approximately 556 W/cm2 , an on-boundary
section appears only once before the engine is turned on. But if the
maximumheatingrate is set smaller thanapproximately556W/cm2,
another on-boundary section appears after the engine is turned on.
In this case two different ¼ must be introduced to meet Eq. (38),
which makes the problem more dif� cult to solve. For the problem
here the standard atmospheric model is used because the problem
turned out to have on-boundarysectionswhose length is very short.
Note that from Eq. (39) the Hamiltonian H is continuousat the entry
point r1 due to the independence of S with respect to r . Thus, the
Hamiltonian is constant throughout the period.

As in the precedingsection, the optimal periodic solutionwithout
constraint is obtained � rst. The PQmax in S is set to the maximum PQ
of the unconstrained optimal solution, which was 1202.4 W/cm2.
Then set a slightly smaller value of PQmax to obtain a new optimal
solution, which should be close to the original optimal solution
without constraint. The obtained solution can be used as a new
initial guess for a little smaller PQmax. By repeating this procedure
we can collect several solutions for each distinct PQmax . Extrapolate
these points using the second-, third-, or fourth-order polynomials
with respect to values of PQmax to predict a new initial guess for
a new smaller PQmax . Finally, an optimal solution for PQmax D 400
W/cm2 is obtained. The result is shown in Figs. 9–12. Figure 12 is
a magni� ed part of Fig. 11 by which one can see that the solution
appears to be a touch-point solution.

At the beginning of the search for a solution, constrained arcs
appear. But as the process converges, the length of the constrained
arcs becomes almost a point, which is about 0.015% or less of the

Fig. 9 Altitude and Mach number with ÇQmax = 400 W/cm2 .

Fig. 10 Angle of attack and throttle with ÇQmax = 400 W/cm2 .

Fig. 11 Heating rate with ÇQmax = 400 W/cm2 .

Fig. 12 Heating rate with ÇQmax = 400 W/cm2 (magni� ed part of
Fig. 11).

length of the period. The � rst peak of the heating rate is raised by
the vehicle’s aerobreakingby using its control surface, whereas the
second peak is invoked by turning on the engine. The fuel saving
for the obtained solution over the steady-state optimal solution is
reduced to 2.45%. The boundaryconditionsof Eq. (22) were solved
to eight digits for the solution in this section.

Periodic Optimal Control Problem with
Both Heating-Rate and Load-Factor Constraints

The fuel-optimal periodic control problem is stated as follows.
Find a control and a range period r f that minimize the range

averaged fuel consumption rate J over the period subject to the
vehicle’s dynamics, periodicity conditions on the state, a state in-
equality constraint, and a state-control inequality constraint. J and
the boundary conditions on the state are the same as Eqs. (30) and
(31). Equations (32) and (35) need to hold along the trajectory.The
augmented Hamiltonian is written as

NH D
T

gIsp Ma cos °
1 C

h

R0
C ¸T ¢ f C ¹T C C » T dS

dr
(40)

where the components of f are Eqs. (1–3). As before, the � rst-order
necessaryconditions are obtainedsimply by substituting NH de� ned
in Eq. (40) for H in Eqs. (19–21) and Eq. (23). It is also the same as
in the precedingsection that other necessaryconditionsfor the state
inequalityproblemare requiredto ensure that the trajectorymeet the
speci� ed maximum heating rate at the entry points to the boundary:

¸ r¡
1 D ¸ r C

1 C ¼T @S

@x
r D r1

(38)

H r¡
1 D H r C

1 ¡ ¼T @S

@r
r D r1

(39)

Now there are three types of possible on-boundary sections: 1)
boundarysubjectto a loadfactorconstraintonly,2)boundarysubject
to a heating rate constraint only, and 3) boundary subject to a load
factor and a heating rate constraint.For cases 1 and 2, ®, s, ¹, and »
are determined as described in the preceding sections. For case 3 a
system of nonlinear equations NH® D 0, NHs D 0, C.h; M; s; ®/ D 0,
and dS=dr.h; M; s; ®/ D 0 must be solved simultaneously.

The only differencefrom the precedingtwo sectionsis that the op-
timal solutionboundedby the maximum heating rate PQmax D 500:0
W/cm2 is used as a starting solution. The exponential atmospheric
model is used here to decrease the sensitivity.The rest of the proce-
dure is the same. Gradually lower the value of nmax from the origi-
nal value of nmax, which is equal to 2.1693 for the optimal solution
bounded by the maximum heating rate PQmax D 500:0 W/cm2. By
extrapolating the same way as the preceding section, a new initial
guess is obtained for a smaller maximum load factor. Finally, the
optimal solution subject to nmax D 2:16 and PQmax D 500:0 W/cm2

was determined.The solutionhas boundariesof cases 1 and 2. Con-
vergence for a smaller maximum load factor than 2.16 with keeping
PQmax D 500:0 W/cm2 could not be achieved due to occurrenceof a

boundary of case 3. The pro� les of the altitude and Mach number
of the solution look similar to those shown in Fig. 9. The pro� les of
the angle of attack and throttle are plotted in Fig. 13. Figure 14 is a
magni� ed part of Fig. 13. In Fig. 15 a magni� ed part of the entire
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Table 1 Comparison of each solution

Resulting
Fuel improvement maximum Resulting
over steady-state heating rate, maximum

Solution solution, % W/cm2 load factor

Suboptimal 3.47 513.8 1.58
Optimal without constraint 8.12 1202.4 8.27
Optimal with nmax D 7:0 8.09 1158.1 7.00
Optimal with 2.45 400.0 1.59

PQmax D 400 W/cm2

Optimal with nmax D 2:16 4.03 500.0 2.16
and PQmax D 500 W/cm2

Fig. 13 Angle of attack and throttle with ÇQmax = 500 W/cm2 and nmax
= 2.16.

Fig. 14 Angle of attack and throttle with ÇQmax = 500 W/cm2 and nmax
= 2:16 (magni� ed part of Fig. 13).

Fig. 15 Heating rate and load factor with ÇQmax = 500 W/cm2 and nmax
= 2:16 (magni� ed part of the entire pro� les).

pro� les of the heating rate and the load factor, which are not shown
here, is plotted. The fuel saving for the obtained solution over the
optimal steady-state solution is 4.03%. The boundary conditions
(22) were satis� ed to seven digits for the solution in this section.
The results are summarized in Table 1.

Conclusions
Fuel savingshavebeen shown to be possible for periodic cruiseof

a hypersonic scramjet vehicle with a reasonable model and practi-
cal constraintson the maximum heating rate and the maximum load
factor. Numerical solutions are dif� cult to obtain; however, com-
binations of the suboptimal approach, the minimizing-boundary-
condition method, and a homotopy method have been shown to be
effective in reducing the sensitivity to the initial guess for obtaining
a solution.Four fuel-optimalperiodic solutionshave been obtained:
onewithoutconstraints,onewith the load-factorconstraint,onewith

the heating-rateconstraint,and one with both the load-factorand the
heating-rate constraints. From the solutions obtained here it is ob-
served that the maximum load-factor constraint is coupled with the
maximum heating-rateconstraint.However, the initial velocities of
the solutionswith each constraintare quite different.If a load-factor
constraint is imposed, the initial velocity of the solution becomes
larger than that of the unconstrained solution. When a heating-rate
constraint is required to be satis� ed, the initial velocity of the solu-
tion becomes smaller than that of the unconstrainedsolution.
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